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Abstract. In this paper we propose a functional description of Markov chains
(MCs) using recursive stochastic equations and factor distributionsithsfehe
state transition matri®. This new modelling method is very intuitive as it sepa-
rates the functional behavior of the system under study from probabfhstiars.

We present the “forward algorithm” to calculate consecutive state digtiizi

xn. It is numerically equivalent to the well-known vector-matrix multiplication
methodz,+1 = z, - P, but it can be faster and require less memory. We com-
pare the operation and efficiency of the power method and MC simulatiem,T

we propose several optimization techniques to speed up the computatioa of
stationary state distribution based on consecutive state distributions, teracce
ate the forward algorithm, and to save its memory requirements. Therpees
concept has been implemented in a tool including all optimization methods. To
make this paper easily accessible to novices, a tutorial-like introduction to MCs
is given.

1 Introduction

Markov chains (MCs) are often used for modelling technigatems to evaluate their
performance. Their stationary state distributiois often computed as it gives insight
into the average system behavior. We propose a new appr@aomiputer and several
optimization methods. We briefly explain the contributidriras paper, contrast it with
related work, and explain the organization of the followssgtions.

1.1 Contribution

A MC is usually described by a state transition maffixand consecutive state distribu-
tionsx,, can be computed by the vector-matrix multiplication. ; = z,, - P. Applying
this equation iteratively until the series @n)()<n<oo converges is known as the power
method and the converged results is the stationary statédison .

The contribution of this paper is a new functional desooiptof MCs using recur-
sive stochastic equations and factor distributions. Ifpigliaable to MCs with a finite
state space. We propose the so-called “forward algoritiemadmpute consecutive state
distributionsz,, without using the state transition matrix. Thus, it offersimplemen-
tation alternative to the power method. We compare the dperand efficiency of
the power method and the MC simulation with regard to theutation of the station-
ary state distribution. We propose methods to speed up theeagence of the power
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method, to accelerate the computation of the forward algmriand to reduce its mem-
ory requirements. We proved the feasibility of our approbgha tool that turns the
functional description into a numerical program to comphte stationary state distri-
butionz including all optimization methods presented in this paper

Our proposal has multiple benefits. The functional desorpsimplifies the mod-
elling of a technical system by separating the descriptidtsd@ehavior from influenc-
ing probabilistic factors. The forward algorithm can bendfigantly faster and require
drastically less memory for MCs with large state spaces thartonventional vector-
matrix multiplication. Apart from that, some of the propdsmptimization methods can
be applied only to the forward algorithm. The simplicity aefficiency of the new
method allow the treatment of highly complex systems witHtimalimensional state
spaces that otherwise cannot be solved.

1.2 Related Work

Most research regarding MCs has concentrated on analgttutions of special queu-
ing systems [1]. Matrix-analytical methods take advantfgspecially structured tran-
sition matrices to achieve a fast computation of statiorsaaye distributionz [2, 3].
Most analytical approaches make extensive use of the staisition matrixP, but
they cannot solve large Markov models wiihf or more states since then even a sparse
matrix representation d? consumes a lot of memory. The proposed functional descrip-
tion can be viewed as a further development, generalizatind formalization of the
discrete-time analysis used in [4-6].

In [7] a framework for solving continuous-time Markov chgi(CTMCSs) is pre-
sented. In [8] an efficient strategy is proposed to generatestate space for multi-
valued state decision diagrams. The authors of [9] presettiads for CTMCs to ac-
celerate the computation of their stationary state distidim and discuss options to
avoid the explicit representation of the state transiti@tri.

1.3 Organization of the Paper

In the next section, an introduction to the conventionatdpton of MCs is given to
make this paper self-contained for novices in the field. Welax the new functional
description and the forward algorithm to compute conseeiate distributions in Sec-
tion 3. Section 4 compares the operation and the efficiendgieopower method and
MC simulation. Section 5 describes several optimizatiothods to speed up the con-
vergence of the power method, to accelerate the computatithe forward algorithm,
and to minimize its memory requirements. Section 6 sumreaitizis work.

2 Introduction to Markov Chains

In this section we clarify our notation and give a short idtrotion to Markov chains
(MCs). General MCs are usually described by a state transitiatrix P which may
have different properties. We introduce the stationartesdastribution of a MC which
is often needed for performance evaluation purposes. Alsisyample illustrates this
concept.
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2.1 Notation

For the sake of clarity, we introduce our notation regargimgndom variablex':

— X' range ofX (contains discrete values)

— |X|: cardinality of ¥

— Xin, Xmaz: Minimum and maximum value of,

— z[i]: probability P(X = i) with i € X,

— 2 = (2[Xmin), ---, [ Xmaz]): distribution of X given as a vector of probabilities,

- X = > z[i] - i: mean ofX.
Komin<i<Xmaw

A random variableX is conditioned on another random variabfef its distribu-
tion z(Y") depends orY'.

- X(Y j): random variableX conditioned or” = 7,
z(Y = j), z[i](Y = j): distribution and probability o’ conditioned or¥” = j,
p(Y = j): probabilityp conditioned or” = j,

-p = > p(Y = j) - y[j]: unconditioning of the conditonal probability
Yonin <i<Yimax
p(Y =j) byy.

2.2 Markov Processes and Embedded Markov Chains

A stochastic process is characterized by the time-depéndadom variableX (¢).

X (t) can have a finite or infinite state spate The time parameter is taken from the
range of potential state transitions 7. This range may be continuous or discrete. If
the time indices € 7 can be numbered hy,, n € Ny, consecutive stateX (t,,) form

a sequence which can be denoted(B,)o<n<c. A Set of random variable§X,, }
forms a Markov chain (MC) if the probability that the next wal(state) isX,,+1 = j
depends only upon the current value (state)= ¢ and not upon previous values [10].

A discrete-time Markov chain (DTMC) is a stochastic procedth a finite state
space and potential transition points only at integer v&lie.t; = 4, and its sequence
X, forms a Markov chain. The Markov property denotes that tledugon of the pro-
cess depends only on its current state but not on past statéd) is also called the
memoryless property. This leads to a geometrically disteéd sojourn time for every
state. In case of continuous-time Markov chains (CTMC®) stijourn time for all states
is exponentially distributed, but we do not consider thigeotclass of Markov chains in
this paper.

Apart from DTMCs and CTMCs, there are other processes wiersdjourn time
in the states is neither geometrically nor exponentialltriiuted, but the sequence
of consecutive states forms a Markov chain. These processesalled semi-Markov
processes with embedded Markov chains at the transitioripaihereby transitions to
the same state are possible. It has the memoryless propytsitahe embedded points.

This work provides an alternative description and analgsigeneral MCs, DTMCs,
and embedded MCs, but not for CTMCs.
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2.3 State Transition Matrix

In the following, we consider onlgomogeneous MCs that have the same state transition
probabilities for all transition points. The state traisitprobability from staté € A’ to
statej € A is then denoted by; ; (see Equation (1)). All state transition probabilities
can be grouped in a state transition matix(see Equation (2)) which is stochastic
since the entries of each column amount to 1 (see Equatipn (3)

pz,]:P(Xn+1:j|Xn:Z)7 Z.7j€Xa TLENO' (1)

P = (pij)ijex (2

> pij=1, i€X (3)
jex

The observation of a MC starts at transition paintThe probability that the system is
in statei at this time is given byP(X, = i) = x¢[¢] which yields the state distribution
xo at timety. The initial distribution may be deterministic if the systestarts only in
a special state. Given the state distributign the state distribution:,, ,; at the next
transition point can be computed by a simple matrix multgtion:

Tpg1 = T - P. (4)

Then-step transition probabilitpif;.) is given by thes-step transition matri® (") = P,

2.4 Markov Chain Classification

Markov chains can be classified according to the structutkesf state transition ma-
trix. We take the nomenclature regarding DTMCs from [11,424 refer to the graph
theoretical concepts in [13].

connection
classes

closures

Fig. 1. Classification of states in the state transition graph of a DTMC.
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The state transition gragh= (V, £) is defined by the set of verticéswhich com-
prises the state&’, and the set of edgeswhich represents potential state transitions.
A potential state transition from stateo statej exists ifp; ; > 0 holds. A statej can
be reached by or is accessible from states if p; ; > 0 holds. This is denoted by— ;.
Statek is also accessible by statd there is a statg so thati — j andj — k are true.
Hence, — j holds if there is a path fromito j in G. Two states andj communicate
— denoted by — j —if bothi — j andj — 7 hold. Connection classes can be built
with respect to this relation. In graph theory, a connectilass is a strongly connected
component. A subset of statésC X' of a MC isclosed if no other statgj ¢ C can be
reached from any statec C. A minimum closed set of statésis called aclosure. A
closureC absorbs staté ¢ C if there is a statg € C so thati — j is true. Note that
a connection class is either a closure or completely abdoftigure 1 illustrates the
relationship between closures and connection classes.

A MC is irreducible if there is no closed set other than the entirety of all states
Then, all states belong to the same connection class and goitete with each other,
and the state transition graph of the MC is strongly conmkcdeMC which is not
irreducible is callededucible. A state: hasperiod p if it can be reached again only
after a multiple ofp transition steps, i.e.

") =0)). (5)

p=min(m:Vk,n € Ng: (n#k-m) A (p

All states of a closur€ have the same period. It can be computed as the greatest com-
mon denominator of all circle lengths in the subgraphgofvhich is induced by the
closureC. An algorithm to find the period of an irreducible MC is given[2]. A clo-

sure with period 1 is calledperiodic and a closure with periogl > 1 is calledp-cyclic.

If all closures of a MC are aperiodic, the MC is also calledraquic, otherwise it is
called periodic.

2.5 Markov Chain Analysis

For performance evaluation purposes, the long-term beha¥ia MC is of interest,
i.e., the average of the state distributions at all tramsigioints:

.1
x:nh—{rolog Z Zi. (6)

Since P is a stochastic matrix, the limit does always exist [14]. The average state
distribution depends in general on the start distributigminless the MC is irreducible.
The expression in Equation (6) converges only very slowlhicreasing:. For ape-
riodic MCs, the serie$z,,)o<n<o also converges. Therefore, the average state distri-
bution in Equation (6) can be computed more quickly by theattee application of
Equation (4) which is called the power method. In Sectionvielshow how this prin-
ciple can also be adapted to periodic MCs. Etationary state distribution z, of the

MC is defined as the left-hand eigenvectorfofvith eigenvalue 1:

T, = x5 P (7
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The stationary distribution is unique for irreducible MQ# hot for reducible MCs. For
example, the identity matrix is reducible and any vector isfehand eigenvector. In
any case, the average state distributiois a stationary state distribution and depends
on the start vectaz.

2.6 Example

The description in [2] of the daily weather changes in Beltdworthern Ireland) illus-
trates nicely the concept of a MC. The state is given by thehesarainy (1), cloudy
(2), and sunny (3). The state transition probabilities carrdirieved from empirical
data and are given by the following state transition matrix:

0.8 0.15 0.05
P=(0702 01 (8)
0.5 0.3 0.2

On a rainy day, the probability that tomorrow is rainy agai80%. The average state
distribution can be computed and reveals that the prolyabili a rainy day in Belfast is
76.25%, for a cloudy day it is 16.88%, and the sun shines wjttobability of 6.88%.

3 Specification and Analysis of Embedded Markov Chains Using
Recursive Stochastic Equations

In this section, we specify embedded MCs using recursivehsistic equations [15] and
factor distributions instead of the state transition neassi We take th&'7(¢!1/D/1 —
Q™** queue to illustrate the concept. Then, we generalize amddiize the approach
and present an algorithm to calculate consecutive statebdigonsz,, based on our
new description. Finally, we show that our new descriptiaa the same expressiveness
as a state transition matrix.

3.1 Example:GIIST/D/1 — Q™2* Queue

We consider the>1l¢!1/D /1 — Q™* queuing system that has been investigated in
[5]. Customer batches of siz@ arrive with an inter-arrival timed, where both4 and
B are identically and independently distributed (i.i.d.hdam variables. The time to
serve a customer is deterministic and the queue has a capéa™** clients. To
keep things simple, we restrigt to multiples of the service time for a single customer.
The objective of the analysis is to compute the average qoetgpancy at the arrival
instants to derive blocking probabilities and waiting timlistributions for customer
requests.

We model the system state by the queue occup@pcyHence, we haved =
[0; Q™). We embed a Man)0<n<oo with embedded points shortly before new
customers arrive. The system starts wigh customers in the queue. When a batch
of customers arrives, clients that still fit into the queue accepted, others are re-
jected. Thus, the new queue occupancy)is = min(Q,, + B, Q@™**). During the
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inter-arrival timeA, the queue occupancy is reducedAygustomers, but it cannot fall
below zero. Therefore, the queue occupancy at the next edeldgzbint is determined
by Q.1 = max(Q' — A,0) = max(min(Q,, + B, Q™) — A,0). To fully specify
the model, we se®™** = 5 and assume distributions fot and B that are given in
Table 1.

Table 1.Batch size and inter-arrival time distributions f67“!! /D /1 — Q™*®.

A=i2 [3 [4 [[B=i[1 |2 |3
ali] 0.2/0.6/0.2[[b[i] |0.6/0.3)0.1

3.2 Formalization of the Functional Description

The model specification presented above is based on reewstsighastic equations and

factor distributions. It describes the system behavionatedded points in a very nat-

ural way. We generalize and formalize this approach andtdalhctional description.
The choice of the embedded poirfisdetermines the description of the model. The

stateX = (@) is given by the queue occupancy and the state spate-is|[0; Q™*].

The initial state distribution is given hy,[0] = 1. The size of the arriving batchd3

and their inter-arrival timegl influence the system behavior and we call them factors

Y = (B, A). SinceA and B are both i.i.d. variables, the joint distribution Bfis given

by P(Y = (i, 7)) = b[i]-a[j]. The system behavior is described by a recursive stochastic

equation. In this context, we call it state transition fuoiethat can be generally defined

asf: (X x)Y)— X.Inthe above exampld, is

Qnt+1 = [(Qn, (4, B)) = max(min(Q,, + B,Q™*") — A,0). (9)

Hence, the specification of the MC is given By = (7, X, x0,Y, vy, f). In general,
both the state spack and the input spac® may be multi-dimensional.

3.3 Algorithmic Calculation of Consecutive State Distribuions

The recursive stochastic equation and the distributiomeffactors allow to calculate
the state probability at consecutive embedded points blyimgpthe law of total prob-
ability:

Tnt1[k] = Z P(Xnt1 = k| Xy =i NY = j) - 2u[i] - y[j]. (10)
iEX,JEY
The conditional probability can be computed by means of thie ¢ransition function:

0 if £(i,5) #k

1 i f(i,5) =k (1)

P(Xn+1ani/\Yj){
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which simplifies Equation (10) to

o [k] = > ] - ylj). (12)

{(4,5):f(i,5)=k,i€X j€V}

Thus, we calculate the consecutive state probability: [k] = >_; jcz, znli] - yld]
by the sum of the compound probabilities of the tuples in tteenpagez;, = {(¢,7) :
fli,5) = k,i € X,j € Y} of statek with respect tof. We call Equation (12) the
backward algorithm because it requires the preimagefofThe preimage computation
is a difficult task and limits the tractability of complex nald. A simple rearrangement
of the computation steps for all consecutive statgs; [k] in Equation (12) leads to
the forward algorithm which is given in Algorithm 1. It is numerically equivalerd t
Equation (12). The forward algorithm is simpler than theKvesrd algorithm since it
does not require the computation of the preimage becaused the state transition
function directly. Moreover, a program for the numericaingutation of the stationary
state distribution can be syntactically derived from thectional descriptiorD. This is
not feasible in an efficient way for the backward algorithm.

Input: state distributionc,, and factor distributiory
initialize x,,+1 with zeros
forall € X do
forall j € Y do
end for
end for
Output: 41

Algorithm 1: Forward algorithm: calculation of the consecutive stastriiution based
on the state transition function.

3.4 Derivation of the State Transition Matrix P

The equivalent state transition mattixfor a Markov model can be computed by

pir= Y, oyl (13)

{i€¥:f(i,5)=Fk}
This equation corresponds to the backward algorithm. Raging the computation

according to the forward algorithm simplifies Equation (&8Algorithm 2 which does
not require the calculation of the preimage jfof The state transition matrix of our
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example in Section 3.1 is

098002 0 0 0 O
0.860.120.02 0 0 O
0.540.320.120.02 0 O
P= 0.120.420.320.120.02 0 |~ (14)
0 0.120.420.32 0.12 0.02

0 0 0.120.420.320.14

As the state transition matriR can be derived from the functional descriptith D
contains at least as much informationfasThe functional description separates clearly
factorsY from the model behaviof. If the factor distributiony changes in a techni-
cal model, it is just substituted by another distributiorfinvhile the state transition
function f remains unchanged. In contrast, the state transition xzri change com-
pletely.

We have presented three different options for the calanaif a consecutive state
distribution. The state transition matriX may be used (Equation (4)), the backward
algorithm (Equation (12)), or the forward algorithm (Algbm 1). They are numeri-
cally identical. The state transition matrix for a systenthiio® states ha$0'2 possible
transitions which require a memory of 8 Terabytes when deitngnsition is described
by an 8 bytes double precision floating point number. In thise¢ even a sparse matrix
representation cannot be stored. Thus, the calculatioheotbnsecutive state distri-
bution using the transition matrix becomes infeasible. fidnevard algorithm requires
memory only forx,,, x,+1, andy, but not for the state transition matrix. Therefore, it
does not run into this memory problem. In [16], we have catad the stationary state
distribution for a MC with about0° states.

Input: factor distributiony
initialize P with zeros
forall i € X do
forall j € Y do
Pif(i,g) = Pis(ig) T yY(I)
end for
end for
Output: P

Algorithm 2: Calculation of the state transition matrix based on thessta@nsition
function according to the forward algorithm.

3.5 Comparison of Expressiveness

We show that both the functional descriptibrand the state transitioR have the same
expressiveness. In the previous section we have shownhthatate transition matrix
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can be derived from a functional description. Now, we cargdta functional description
D= (T,X,x0,),y, f) based on a state transition matfx

— The embedded points = {t,, = n - A : n € Ny} of D are arbitrary.

— Without loss of generality we assume the state spaee [0; X,,,.] for the sake of
a simple notation in the following. Then, the state transitinatrix P hasX,, .. +1
columns and rows. The state space for the equivalent furadtidescription is the
same.

— The start state distributian, is arbitrary.

— We define auxiliary variables; ; = >~ p; i to construct the factor spagéand

0<k<j
the factor distributiory. We further define the vectsr that contaings; ; : i, j €
X'} in an ascending order by value, double elements are suppreEhe length
of s* is denoted byen(s*). SinceP is a stochastic matrix, we havex, = =1
and according to the construction, the last entryofs 1. We define the factor
distribution byy[0] = s*[0], y[i] = s*[i] — s*[i — 1], and) = [0;len(s*) — 1].

— We define the state transition functigit, k) = j by its preimagez; ; = {k: k €
Y, f(i,k) = j}. This is done as follows. Singg ( corresponds ta; o, there is

ak;psuchthat > y[h] = p;o. Thus, we assign the factor valu@sk; ] to
OS}LS’WYO
Z, 0. Similarly, there is &;_; for everyp; ; with j > 0 and > y[h] = pi
' ki j—1<h<k;;
thus, we assign the factofs; ;_1, k; ;] t0 Z; ;.

To illustrate this small but rather complex constructior,apply it to the state transition
matrix Equation (8) for our example in Section 2.6. The mashplex parts of the
functional description are the factor distributignwhich is given explicitly in Table 2,
and the state transition functighwhich is given by its preimag€ in Equation (15).
The other parts 0D = (7, X, zo, ), f) are trivial.

Table 2. Factor distributiony for the functional descriptions of the state transition matrix in
Equation (8).

V=0 [T 23 4 [5 |
|y[4]]0.5[0.2[0.1]0.1]0.05/0.05

{1,2,3} {4,5} {6}
Z=| {1,2} {3,4} {56} (15)

{1} {2,3} {4,5,6}

After all, we have shown that the functional description #mlstate transition ma-
trix are equivalent approaches for the specification ofrdigcand finite MCs. The state
transition matrix is the traditionally used descriptidithle state transition probabilities
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can be taken directly from empirical data like in the examplgarding the weather in
Belfast, then the transition matrix is a simple approachadehthe system. However, in
technical systems the system behavior is known and protestate transition func-
tion f and the factor distribution is also available. Therefadne,functional description
seem to be the natural way of modelling.

4 Markov Chain Simulation

MCs can be simulated to evaluate their average state distitz. We briefly explain
MC simulation based on the state transition maffixand on the new functional de-
scriptionD. Then, we compare the efficiency of MC simulation and the ponethod
for MC analysis.

4.1 Markov Chain Simulation Based on the State Transition Matix and the
Functional Description

For the calculation of the successor state in a MC simulatf@current staté&,, = ¢
and an equally distributed pseudo random nunibet (0; 1) are required. If the state
transition matrixP = (p; ;)i jex IS given, the successor state can be calculated by

Xnt1=max(j: >, pir <U).
0<k<j

If a functional descriptiorD is given, the pseudo random number is used to realize
a random variable for the factdt and the successor state is then calculated by the state
transition functionX,,.; = f(X,,Y). Both alternatives lead one item of the series
(Xn)0§n<oo-

The simulation records the relative frequencies of the kited states and uses them
as estimates of state probabilities. Appropriate statibtnethods provide confidence
intervals for these values [17]. In general, these proliesildepend on the start state
Xo. If the underlying MC is irreducible, the simulation is exped to yield the same
state probabilities for all start vectors (see Section.2.5)

4.2 Comparison of Simulation and the Power Method for MC Analyss

We compare the operation and efficiency of MC simulation dedpower method for
the calculation of the average state distribution

Comparison of Operation To illustrate the operation of the power method and the
simulative MC analysis, we consider the transition grapa bfC in Figure 2.

MC simulation takes a random walk through the transitiorpgraccording to the
state transition probabilities; ; and constructs a seri¢X,,)o<n<n,.... 1nereby, the
state space is explored and the relative frequency of the sisitations provides an
estimate of the state probabilities. This is visualized iguFe 3. A single iteration
step is quite cheap, but it reflects only a single transitdditlions or billions of such
simulation steps are usually needed to calculate suffigianturate state probabilities.
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l

Fig. 2. Transition graph of a small MC example.

@ @ @ @ 0~
S

X0 @ © Xs:

Fig. 3. The first 5 transition steps for MC sim-  Fig. 4. The first 5 transition steps for the
ulation. power method.

The power method takes into account all possible trans#ieps in a single vector-
matrix multiplication in the sense that probability masstafte distribution,, is prop-
agated from all states over all possible transitions tomt@esuccessor states which
leads the new state distributian,, ;. This is illustrated in Figure 4. Here, a single it-
eration step requires a lot of computation effort, but ugualfew tens or hundreds
iteration steps are sufficient for accurate results.

Comparison of Efficiency We study the convergence speed of the power method. For
aperiodic MCs, the seriés;,,)o<n <o CONverges to the average state distributiomhe
convergence speed of the matrix multiplication method poeential, i.e.| x —z,, ||<

|A|™. The parametek is the eigenvalue of the state transition maffixvith the largest
absolute value smaller than 1, which is also called the sulggnt eigenvalue. For an
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accuracy of| z — z,, |< e, n > {25 iteration steps are required. Thus, the computation
effort increases linearly with an exponentially decregsincuracy.

In contrast, the simulative approach needs more abha’n% samples for an accuracy
of ¢; otherwise, a probability of cannot be simulated. Thus, simulations require an
exponentially increasing number of samples if the accueatscreases exponentially.

Hence, the power method yields results for the average ditsttébution faster than
MC simulation when high accuracy is required. However, M@udations may be use-
ful to quickly find a suitable start vectar, for the power method. The optimization
method in Section 5.9 takes advantage of this idea.

5 Optimization Methods

The following optimizations aim at accelerating the cogesice of the consecutive
state distribution and some others make the computatiorsiofigge iteration step faster
or less memory-consuming. Some of them are well-known antesuthers are new, in
particular those that rely on the functional descriptiohdEs.

5.1 Convergence Speedup by the Use of the Limiting Distribitgn for Periodic
MCs

If a MC is aperiodic, the limiting distributiom = lim x,, exists [14], which is also
n—oo

called the Cesaro limit. I(mn)o<n<OO converges, it is obvious that it converges faster
than the series of the averaged distributions (cf. Equg6n The inequality

|| Tp — Tp—1 ||oo< € (16)

may be used as a convergence criterion Wmeﬁgo denotes the maximum norm. This
criterion works well in practice, but it does not assure tbeuaacy|| z,, — 2 || o< € of
the result.

In case of a periodic MC, the limiting distribution af, does not exist. The state
spaceX of ap-cyclic MC is partitioned intgp periodic classes X;, 0 < i < p — 1
and a single-step transition is only possible from a statelags;j to a state of class
X((j+1) mod p)- HOWeEVer,p transition steps lead to a state of the same class. Hence,
the p-step transition matrixP? is reducible and every subsat forms a potentially
aperiodic subchain. In this casecyclo-stationary distributions(® = hi%c Trpti

exist. Finally, the average state distribution of a pegattiain can be computed by

a:znli_{r;()% Z xkzl Z ™ :nh—{r;o}l) Z Tk a7)

0<k<n 0<i<p n<k<n+p

The righthand expression converges faster than the definitiEquation (6). The con-
vergence criterion in Equation (16) can be adapted to cgt@dtenarity by

|2 — 2 o< € i || Tngi — Tnopis o< €for 0<i<p. (18)
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5.2 Convergence Speedup by the Use of Relaxation

Relaxation is a means to modify the eigenvalues of a matrina&e its convergence
radius smaller and to achieve thereby faster convergensgally, relaxation is done
with Gauss-Seidel or Jacobi methods [2, 18]. Our new appraaes a modification of
Pto Pla) by Pla) = - P+ (1 — ) - I with 0 < a < 1 wherel is the identity
matrix. This is also called preconditioning(«)) remains stochastic if € (0;1) holds
and its eigenvectar to the eigenvalué is the same as the one fér

z-Pla)=a-z-P+(1—-a)-z-I=a-z+(1—a) - x=uz. (19)
The a-relaxation essentially corresponds to the computatiothefconsecutive state

distribution by a moving average;,,+1 = =, - P(a) = a -2, - P+ (1 — a) - z,. We
use this observation to implement this optimization metinoolr software tool.

800
700
600 -
500 -
400 4
300
200
100

Required lterations

0,2 0,4 0,6 0,8 1

Relaxation Parameter a

Fig.5. a-Relaxation induces loops at every .
node in the state transition graph of the MC Fig. 6. Convergence speedup byrelaxation
and destroys thereby periodicity. for the AAL2/ATM multiplexing model with

subsequent cell spacing.

The effect of thex-relaxation on the state transition matrix is twofold: itris pe-
riodic MCs into aperiodic MCs and it increases the convergespeed. Figure 5 shows
that a-relaxation introduces an additional transition in theestaansition graph and
destroys thereby periodicity. As therelaxation does not change the stationary state
distribution, the calculation of the Cesaro limit B{ «) is an elegant means to find the
stationary distribution of a periodic MC. Periodic MCs haaveral complex eigenval-
ues of size 1. The-relaxation removes the periods and changes the complex-eig
values to 1 or to other values smaller than 1. Thus, both treeasid the phase of the
eigenvalues are changed by this kind of preconditioning.’A&) is stochastic, all
eigenvalues remain smaller than or are equal to 1. The laeigenvector smaller than
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1 determines the convergence radius and thereby the ceamegpeed of the series.
Thus,« is required to minimize the resulting subdominant eigetarett should not be
chosen too small as this also limits the convergence speed:

| 2 - P(a) =2 o=l @ @ - (P =) o= || 2+ P = 2p [loo (20)

For many applicationa = 0.8 is a good value. Nearly decomposable MCs are almost
periodic, i.e., the state transitions avoiding the peditdihave very little probabil-

ity. Their series of(:cn)o<n<Oo converges only very slowly. In this casesrelaxation
achieves usually a substantial calculation speedup.

The multiplexing of compressed voice into AAL2/ATM with ssdrjuent cell spac-
ing has been modelled in [19, 20] by a three-dimensionat Sgéce. For some system
setting, the resulting MC turned out to be almost periodigufe 6 shows the number of
required iterations until the convergence criterion is degtending on the:-value for
the a-relaxation. Witha: = 0.9 the number of required iteration steps can be reduced
from 800 to 100.

5.3 Computation Speedup by Zero-State Omission

Zero-state omission excludes statesith probability zero(z,,[i] = 0) from multipli-
cation when the consecutive state distribution is caledlaThis can be easily done in
Algorithm 1 by checkinge,,[i] > 0 before entering the second for-loop. Though this
optimization looks quite simple, it is very effective. Indition, connection classes that
are never entered due to a specificdo not consume any computation time.

5.4 Computation Speedup and Memory Savings by the Use of a Spsar Matrix

A sparse matrix is a smart data structure storing only itszeno entries. As most state
transitions in many Markov models have probability zerga@rse matrix representation
of the state transition matrix leads to considerable mensamngs. In addition, the

missing entries save CPU cycles for the matrix multiplimativhen the consecutive
state distribution is calculated by Equation (4). As our ragproach does not use the
state transition matrix, it cannot take advantage of thtgipation method.

5.5 Computation Speedup by Matrix Powering

The state distribution:,,,; can be computed either iteratively by Equation (4) or by
Tpy1 = xo - P*TT which requiresP™ 1. The series o(P2")0<n<DO can be quickly

calculated by matrix powering?" = P2"~ . P2" " |t presents a subseries of the series
(P”)0<n<Oo and accelerates the calculation of the limiting distribatin Section 5.1
significantly.

At first glance, this method is quite appealing, but at secgladce, it is often
not beneficial. Matrix-matrix multiplication requiréd’|> scalar multiplications while
vector-matrix multiplication requires on|yt'|? scalar multiplications. Hence, the power
method based on vector-matrix multiplication is compuotadily cheaper as long as the
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number of required iterations* is smaller than.X| - z?g;g))_ The state space can be-
come very large, e.gl0° states [16] while the number of iteration steps is mostijan t
order of10 or smaller. In addition, the vector-matrix multiplicatioan be accelerated
by zero-state omission and sparse matrix representatith. & not work for matrix-
matrix multiplication because there is no vector where &tates can be omitted and
the matrixP™ is usually fully occupied even if matri® is sparsely occupied so that a

sparse matrix representation does not work.

5.6 Memory Savings and Computation Speedup by the Functiondbescription
and the Forward Algorithm

A matrix with 10° states had0'? possible transitions which require a memory of 8
Terabytes if each probability is described by a double giesifloating point number.
This state transition matrix is too large to be constructeglieitly, even as a sparse
matrix. The forward algorithm in Section 3.3 relies on thevfienctional description of
the MC and does not need the state transition matrix to clethe consecutive state
distributions. As a consequence, large MCs can be solvdtbutitextensive memory
[16]. In addition, a vector matrix multiplication like in Eqtion (4) of Section 2.3
requires|X’|2 multiplication and addition steps whereas Algorithm 1 iegg| X| - ||
multiplication and addition steps. This is fastefAf| > |)| holds.

5.7 Computation Speedup by Decomposition of the State Trait®n Function

The factor space can often be written in product fm= xo<;<,)*. Then, the state
transition functionf may be decomposed info= f%o...o f*~1. The forward algorithm

in Section 3.3 is then applied times, namely for each state transition function sepa-
rately. This requires thi-fold replication of the state spac&{,0 <i < k, X = XY)

to record the intermediate distributions. We apply thiéxample in Section 3.1 by

Q}z = fo( (7)17B) = min(Q% + B7Qma:r) (21)
i1 = 1@, A) = max(Q,, — A,0) (22)

With this decomposition method, the state transition fiamcts now calculated once
for each realization of the factgi® U... U Y*~! and leads to a computation complexity
of O(|x|- > |¥¥]). With the conventional approach, the state transitiontionds

0<i<k
calculated for each combination of the different factotizedions)? x ... x Y*—1 and

leads to a computation complexity 6f(|X'| - [] |V?|). Thus, decomposition yields
0<i<k
considerable time savings for large multi-dimensionatdadistributions. A practical

application example of this optimization technique candaenfl in [21, 22].

5.8 Computation Speedup by Conditional Factors

We consider again th€ 11 /D/1 — Q... queue in Section 3.1. We modify it by a
conditional arrival process, i.e., the arrival rate degaothe present queue occupancy
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Q and we denote that system /%7 (Q)/D/1 — Qnaz- This dependency can be
modelled by different random variablet for the interarrival process and an if-clause
in the state transition function:

max(QL — A%, 0) ifQ=0
FHQL, A0 ... AQmaes) = { (23)
maX(Q’}l - AQmamvo) if Q = Qmaw

However, this is very time-consuming since Algorithm 1 retalstep through a loop
for the distribution of eact!?, thusQ,,.... loops are stepped through in vain. A condi-
tional factorA(Q!) solves that problem and Equation (23) can be rewritten as

FHQY,A(QY) = max(Q" — A(Q"),0). (24)

Depending on the value of staf¥, the corresponding distribution fet(Q'!) is chosen
before entering the (next) factor loop in Algorithm 1. Cdiatial factors both accelerate
the computation tremendously and allow to model problemsare detail. This method
has been applied in [22].

5.9 Convergence Speedup with Start Vector Initialization ly Simulation

In Section 4 we have shown that the power method leads fastecturate estimates of
the average state distribution than MC simulation. While Ni@uation computes an
average state distribution with an accuracyl@f® quite quickly, it takes much longer
to achieve an accuracy d®~'°. In contrast, the power method takes only twice the time
to achieve an accuracy ab~'° as compared to an accuracyldf>. Therefore, MC
simulation can be used to quickly get a rough estimate oftkeage state distribution.
The resulting state distribution may be used as start vegtdor the power method
because it is more efficient in ranges of high accuracy. Eepee has shown than’
steps can be simulated quite quickly and provide an accuhaleady abouf| =, —

Zo ||<>o: 1072,

5.10 Memory Savings, Convergence and Computation Speedup kytelligent
Modelling

The major optimization potential at all is intelligent mdidey. The choice of the em-
bedded points is especially important as it influences thie Space, the factor space,
and the convergence speed of the power method. Two congezentibedded points of
the same embedded MC should cover a sufficiently large tine\val so that suffi-
ciently many changes happen in the real-world system indhesponding time. This
assures a fast convergence speed. Furthermore, the steéesspl the factor space must
be kept small. In particular, multi-dimensional state gzashould be avoided.

6 Conclusion

In this paper, we gave a short tutorial of Markov chains (M®h)ch are usually de-
scribed by a state transition matiix We proposed a new functional descriptibrto
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model general MCs or also embedded MCs using recursive adtichequations and
factor distributions. It is easy to apply because it catuhe behavior of the system
under study in a very intuitive way. We proposed the “forwalgorithm” to calculate
consecutive state distributions. It is usually faster and requires less memory than the
equivalent vector-matrix multiplication, 1 = z,,- P. This is part of the power method
to compute the average or stationary state distributioncdvepared the operation and
efficiency of MC simulation and the power method for that msg and showed that
the power method is more efficient in ranges of high accurdbgen, we presented
various methods to speed up the convergence of the poweoddthaccelerate the
computation of the forward algorithm, and to reduce its mgnnequirements.

We have built a converter that takes the functional deson@ and composes a
numerical program implementing the forward algorithm sat the average state distri-
bution of a MC can be easily and quickly computed. Moreoverhave implemented
all presented optimization methods in the tool unless threyapplicable only to the
state transition matrix. The study in [16] was performedchwitat tool and a MC with
more thanl0° states was analyzed.
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